We report on the generation of three types of bound states in a topological insulator-based mode-locked fiber laser. Benefiting from the excellent performance of the polyvinyl alcohol-based topological insulator saturable absorber (SA), we have achieved three types of bound solitons. The bound states exhibit different features both in spectra and autocorrelation traces, which was found to be caused by the different peak intensities and pulsewidths of two closed pulses within the bound states. The experimental phenomena were further confirmed by the numerical simulations. The results reveal an alternative method to roughly estimate the constructed solitons within bound states and indicate that the topological insulator could serve as a highly nonlinear SA for observing soliton dynamics in fiber lasers.
Introduction
Passively mode-locked fiber laser as an excellent platform to investigate nonlinear optics and characteristics of optical solitons, has received much attention in recent years [1] - [4] . Especially, the interaction of multiple solitons in fiber laser becomes a hot topic in the field of laser physics [5] - [7] . Both the peak-power-limiting effect [8] and popping from a noisy background [9] could result in multi-soliton operation in fiber lasers. Multiple pulses manifest either in a bunched state of close pulses [10] , or in largely separated pulses that may lead to harmonic mode-locking [11] - [13] . Bound states were also found to be a stable form of multiple solitons. Since being firstly theoretically predicted by Malomed [14] , much attention has been focused on the phase relationship, formation mechanism, pulse separation and evolution of bound solitons [15] - [22] . However, due to the limited resolution of detection equipment, the differences in time domain between the constructed solitons within the bound states would be ignored. In fact, the investigations about the difference of constructed solitons contribute to further understand the interaction of bound solitons and evolution of multiple pulses.
On the other hand, various types of mode-locked techniques, such as nonlinear polarization rotation (NPR) [15] , nonlinear amplifying loop mirror (NALM) [19] and real saturable absorber (SA) [20] - [22] , were used to obtain bound states of solitons. Recently, a new type of Dirac nanomaterials, similar to graphene [23] - [29] , topological insulator (TI) was firstly proposed to fabricate SAs for mode-locking in fiber lasers [30] . Then, the pulsed operation with TISA including single mode-locked soliton and Q-switching was achieved in fiber lasers [13] , [31] - [40] . In addition, benefiting from the large nonlinear refractive index of TI [41] , the soliton nonlinear phenomena, such as multi-soliton, noise-like pulse and high order harmonic mode-locked pulses, were also observed in fiber lasers [13] , [42] - [44] . However, no bound states have been observed in TISA based mode-locked fiber lasers. According to the theoretical study about effects of saturation recovery time on the bound states [45] and the fast recovery time of TI [35] , [36] , it is interesting to know whether the bound solitons could be formed in a TISA-based mode-locked fiber laser.
In this work, a filmy TISA based on polyvinyl alcohol (PVA) with a modulation depth of $2.4% was fabricated to achieve mode-locking operation. By inserting the PVA-based TISA into a fiber ring laser, the stable single soliton mode-locking operation was observed at a pump power of 35 mW. At higher pump power level, three types of bound states were achieved by properly rotating the PCs. Both the spectra and autocorrelation traces exhibit different characteristics. For better clarifying that, a numerical simulation was used to identify the differences of fine structure within the three bound states. It was found that the different widths and peak intensities of the constructed solitons within the bound state would result in different spectral modulations and autocorrelation traces. Both the experimental and simulation results reveal an alternative method to roughly estimate the difference between the constructed solitons within bound states and once again indicate that topological insulator could serve as both the highly nonlinear optical component and the SA in fiber lasers.
Fabrication of the PVA-Based TISA
The polyol method is utilized to synthesize TI Bi 2 Se 3 nanosheets in our experiment [31] . Then, the dispersion enriched TI acetone solution was mixed with aqueous solution of polyvinyl alcohol (PVA) and ultrasonicated for 30 min. After evaporating at room temperature, the clotted PVA-TI composite film is then placed between two fiber connectors to form a fiber-compatible SA. In order to exclude the influence of TI nanosheets affected by PVA, the relevant Raman spectra were measured, similar to our previous work, which demonstrated that the Bi 2 Se 3 nanosheets still preserved their structure after embedding into PVA [35] . The setup for nonlinear transmission measurement is same as that of [13] . The pumping fiber laser used for saturable absorption measurement is an in-house made femtosecond pulse source (average output power, 0.7 mW; repetition rate, 26 MHz; pulse duration, $500 fs). The saturable absorption data of PVA-TI and the corresponding fitting curve as a function of peak intensity are presented in Fig. 1 . As can be seen here, the modulation depth is $2.4%, and the non-saturable loss is $65.7%. Note that the modulation depth and the saturable intensity of the prepared PVA-TISA are a little low compared with other reports. However, for more stable soliton operation, the modulation depth and saturation intensity of the prepared PVA-TISA could be further improved by optimizing the layer number of the TI nanosheets and the insertion loss.
Experimental Results and Discussions
The schematic of TI-based erbium-doped fiber laser is shown in Fig. 2 . A 980 nm laser diode (LD) pump source is introduced to pump a 4 m EDF. A pair of polarization controllers (PCs) is inserted to adjust the polarization state of waves in the laser cavity. The unidirectional operation is undertaken by a polarization insensitive isolator (PI-ISO). A 10/90 coupler is used to extract the laser emission for detection. The total cavity length is estimated to be 16.4 m. An optical spectrum analyzer (OSA, Anritsu MS9710C) and an oscilloscope (LeCroy Wave Runner 104MXi, 1 GHz) with a photodetector (New Focus P818-BB-35F, 12.5 GHz) are used to study the laser spectrum and output pulse train, respectively. In addition, the pulse profile is measured with a commercial autocorrelator (FR-103XL).
As the pump power was increased to 35 mW, the single mode-locked soliton operation was initiated. Fig. 3(a) shows the typical mode-locked spectrum with a 3 dB spectral bandwidth of 3.3 nm at 80 mW. The evident symmetric Kelly sidebands on the spectrum indicate that the mode locked laser is operating in the soliton regime. The corresponding pulse-train is presented in Fig. 3(b) . The autocorrelation trace in the inset indicates that the fiber laser delivers a pulse-train with duration of 0.82 ps if the Sech 2 intensity profile was assumed. The RF spectrum indicates the laser was operating at the fundamental repetition rate of 12.5 MHz, which was determined by the 16.4 m cavity length, as presented in Fig. 3(c) . With a signal-to-noise ratio of about 58 dB, it confirmed that the stable single mode-locked soliton operation was obtained in this case.
Taking the importance of fixed phase relationship for forming bound states into consideration, we carefully rotated the PC and properly increased the pump power. When the pump power was further increased to $106 mW, the single soliton split into two pulses and then evolved into the bound state. As presented in Fig. 4(a) , the corresponding spectrum centered at 1562 nm exhibits the typical characteristic of bound solitons, showing a regular and evident modulation. The corresponding characteristics in time domain were recorded by a commercial autocorrelator, as presented in Fig. 4(d) . As can be seen here, the pulse separation is about 4.4 ps, which is in agreement with the spectral modulation period of 1.8 nm. Fixing the pump power, another type of bound state also had been achieved by slightly adjusting the PCs, as presented in Fig. 4(b) and (e). Compared to the situation in Fig. 4 (a) and (d), this kind of bound state exhibits a smaller modulation depth in the spectrum and a larger peak intensity difference in the autocorrelation trace. More interestingly, we achieved a different bound state at a higher pump power ($120 mW) which is presented in Fig. 4(c) and (f). The spectral modulation period is 1.32 nm corresponding to the 6.2 ps separation measured by a commercial autocorrelator. It should be noted that the spectral modulation depths varied along with the spectral intensities in this case. The smaller the spectral intensity, the lower the modulation depth could be observed. As can be seen in Fig. 4(c) , the modulation depth on the top of spectrum is evidently larger than that on the bottom. The autocorrelation trace also exhibits a larger peak intensity difference between the main peak and side peaks.
Numerical Simulation
The characteristics both in frequency domain and time domain of the three types bound states are different. For better clarifying the reasons, we have carried out a numerical simulation which was based on the same method in [22] . Thus, a two-soliton bound state with a t 1 pulse separation and phase difference of can be described by a Á f ðt Þ þ b Á f ðt À t 1 ÞexpðjÞ and A Á F ðÞ þ B Á F ðÞexpðÀj2t 1 ÞexpðjÞ in the time domain and frequency domain, respectively. Then the spectral intensity is proportional to
Here, f ðt Þ is the complex amplitude of the slowly varying envelope of a single soliton in the time domain, and F ðÞ is the Fourier transform of f ðtÞ. The frequency difference relative to the central optical frequency is described as . Firstly, based on the experimentally obtained separation of autocorrelation peaks and symmetry of bound soliton spectra, we assume that the two-soliton bound state is consisted by two Sech-shaped solitons with 4.4 ps separation and phase difference. The simulation results indicate that the peak intensity difference of the two solitons has a significant impact on the spectrum modulation depth and the intensity difference between the main peak and two side peaks in autocorrelation trace, as presented in Fig. 5 . The simulation results of the bound states which consist of two same solitons are shown in Fig. 5(a)-(c) , which exhibit a high spectral modulation depth and a smaller intensity difference in autocorrelation trace. Both the spectrum and autocorrelation trace are similar to that in Fig. 4(a) and (d) . Fig. 5(d)-(f) show the simulations of a bound state that constructed by two solitons with different peak intensities. It is obvious that the spectral modulation depth becomes smaller and the peak intensity difference in autocorrelation trace gets larger, which are well consistent with the situations in Fig. 4(b) and (e). Comparing with the experimental results and numerical simulations, we can infer that the various intensity differences may lead to the different spectral modulation depth and peak intensity difference in autocorrelation trace.
However, the reason why the spectral modulation depths varied along with the spectral intensities in the case of Fig. 4(c) and (f) is still unknown. Then, another important parameter of sech-shaped pulses, the pulse width is taken into consideration. Fig. 6(a) shows two bound solitons with same peak intensity and different pulse widths. The corresponding spectrum and autocorrelation trace are presented in Fig. 6(b) and (c). It is obvious that the modulation depth on the top of spectrum is larger than that on the bottom, which is similar to the spectral characteristics observed in our experiments. Nevertheless, the autocorrelation trace is quite different with the experimental results, since the intensity difference between the main peak and two side peaks is not as large as the experimental observation. And then, combining with the influence of peak intensity difference, the bunched two solitons with different peak intensities and pulse widths are simulated in Fig. 6(d) . Here, the corresponding spectrum in Fig. 6 (e) and autocorrelation trace in Fig. 6(f) exhibit the same features of our experimental results in Fig. 4(c) and (f) . Therefore, we believe that the bound state achieved in this case is consisted of two closed pulses with different peak intensities and pulse widths. It should be noted that the numerical simulations presented here is not a thorough one for the observed bound solitons in fiber lasers. Therefore, for more exactly simulating the laser operation in our work, more numerical and analytical work using Ginzburg-Landau equations is required [46] .
Note that the previous reports demonstrated that the phase difference, pulse separation, number of pulse would affect the spectral profile [22] . In fact, it is found that the phase difference is mainly responsible for the spectral symmetry, and the pulse separation is in charge of the spectral modulation period and the separation of autocorrelation peaks. Distinguishing that, we demonstrated that the peak intensities and widths of the constructed solitons within bound states would exert great impact on the spectral modulation depth and peak intensity difference of autocorrelation trace. It should be noted that so far the fine details of the bound states generally could not have been directly observed with the current state-of-art equipment. Therefore, this work would provide an alternative way to roughly estimate the states of the constructed pulses within bound states by simply observing the spectrum and autocorrelation trace.
Conclusion
In conclusion, we have experimentally observed three types of bound states in a fiber laser mode locked by a filmy topological insulator saturable absorber. In addition, a numerical simulation was carried out to explain the experimental phenomena. It is found that the different types of bound states achieved in our experiments are caused by the peak intensity differences and different pulse widths of the consisted pulses within bound states. The results reveal an alternative method to roughly estimate the constructed pulses of bound states by simply observing the spectral modulation and the intensity difference of the autocorrelation trace. Meanwhile, it also once again provides the experimental evidence that the topological insulator could serve as both the SA and the highly nonlinear optical component for observing the multi-soliton dynamics in fiber laser. 
